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Abstract 
The main goal of ceramic laminates designed with residual stresses is to increase the fracture energy of the system 
during fracture through energy dissipating mechanisms such as crack deflection or crack bifurcation..The angle of 
crack deflection from the straight propagation direction is influenced mainly by level of the residual stresses in the 
laminate layers, which was investigated in previous works of the authors. Another key factor playing role in the 
crack deflection and presence of the crack bifurcation phenomenon is the thickness of the layer to which the crack 
propagates. This factor has not been studied yet and will be thus essence of this contribution where the combined 
effect of compressive residual stresses and layer thickness is numerically investigated. Three different multilayer 
designs of Al2O3-ZrO2 based ceramic materials are modelled using a non-periodic and symmetric architecture (i.e. 
layers of a given material may not have the same thickness within one specimen, but they are symmetrically 
distributed with respect to the laminate mid-plane). The volume ratio of both material constituents is kept constant, 
so that the residual stresses in the different laminates remain unchanged. Varied is only the thickness of the second
compressive layer (where the bifurcation phenomenon is observed). A crack terminating perpendicularly on the first 
interface with the compressive layer is considered as the initial state before application of the four point bending. 
Using the fracture criterion, based on the Finite Fracture Mechanics, the angle and type of crack propagation (single 
crack deflection/bifurcation) is investigated. In these cases, the level of the T-stress (in the vicinity of the crack tip) 
can play a role as a second parameter in the fracture criterion (next to the generalized stress intensity factor) and as a 
consequence can this term influence the predicted crack propagation behaviour. 
© 2014 The Authors. Published by Elsevier Ltd. 
Selection and peer-review under responsibility of the Norwegian University of Science and Technology (NTNU), Department of 
Structural Engineering. 
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Nomenclature 
E, Q, D elastic properties of the materials: Young´s modulus, Poisson´s ratio, Coefficient of Thermal Expansion 
KIC  fracture toughness of the material 
Ls, Ws    specimen length, specimen width 
Si, So    span of the inner and outer testing supports 
tA,B, VA,B     thicknesses of layers and volume content of the component A and B 
H, T generalized stress intensity factor (GSIF), T-stress 
1. Introduction 
 The bifurcation of a crack during propagation in a ceramic material is associated with energy consumption in the 
fracture process, thus increasing the fracture energy of the material. Significant crack bifurcation has been 
experimentally observed in ceramic laminates designed with relatively high residual compressive stresses in the 
internal layers (see e.g. Bermejo et al. (2006), Bermejo and Danzer (2010)). The laminates were composed of Al2O3-
monoclinic ZrO2 layers (referred to as AMZ layers), sandwiched between thicker tensile layers of Al2O3 - tetragonal 
ZrO2 (ATZ layers). Computational models for prediction of the crack propagation in such systems, based on the 
Finite Fracture Mechanics (FFM) approach, were developed and presented in previous works of e.g. Martin et al. 
(2001), Kotoul et al. (2012) or Ševeček et al. (2013). The last work discusses also the prediction of the crack 
bifurcation phenomenon (within the ceramic laminates) in contrast to presence of only the single crack deflection.  It 
was shown that the crack bifurcation is strongly influenced by the level of the compressive residual stresses in the 
AMZ layers. Numerical results were also in a good agreement with experimental observations. However, the 
experiments show also that the second parameter which can influence the presence of the crack bifurcation is the 
thickness of the compressive layer. Nevertheless, this factor was not recently studied more deeply. 
 
 Until now, the FFM fracture criterion (used for the prediction of the crack bifurcation) took into account only 
one singular term of the William´s like asymptotic expansion (characterized by the generalized stress intensity 
factor). The higher order terms of the asymptotic expansion were in this criterion neglected. However, when e.g. the 
influence of the layer thickness is to be studied, the higher order terms – especially the T-stress, can play a role in 
the criterion output, since the standalone singular term must not be necessarily sufficient to describe the stress field 
in the vicinity of the crack tip (terminating at the interface of tensile and compressive layer to which the crack will 
propagate). It was found that the T-stress can be influenced by the thickness of the compressive layer. Therefore, the 
involvement of the T-stress term into the already defined FFM criterion will be a main aim of this work. 
 This will consist in the extension of the relations for calculation of the change of the potential energy (connected 
to the crack extension by some finite crack increment) by addition of the T-stress term. These new relations will be 
subsequently used to study the influence of the compressive layer thickness (under constant level of the residual 
stresses) on the predicted crack propagation direction and type of the propagation (single deflection vs bifurcation).  
 
Fig. 1.  Fracture of a ceramic laminate under flexural bending with demonstration of the crack bifurcation phenomenon - bright layers have high 
compressive residual stresses, the dark layers tensile residual stresses. 
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2. Numerical model 
2.1. Characteristics of the ceramic laminate under study 
In order to be able investigate influence of the different layer thicknesses on the crack propagation within the 
ceramic laminate, a 2D parametric FE model of the multilayer structure was used – see scheme in Fig. 2.  This 
model enables both thermal and mechanical analysis. Thermal analysis is used for the simulation of the cooling 
down process from sintering temperature to room temperature which results in a development of the residual 
stresses in the structure. Mechanical analysis is subsequently used for the simulation of the four-point bending test 
of the specimen. Thanks to the linear-elastic characteristic of the problem, both loading types can be simulated 
separately and afterwards the combined loading (thermal + mechanical) can be, using a superposition principle, put 
together from the particular cases. In the initial state, a crack only in the first ATZ layer (impinging the first 
interface between ATZ and AMZ layer) is introduced - as depicted in Fig. 2. Such laminate is subsequently 
subjected to the mechanical loading (4-point bend test) where the considered span of the test supports and size of the 
specimen is given also in Fig. 2. 
In order to study the pure influence of the layer thickness on the crack propagation, a non-periodic architecture of 
the laminate has been proposed. The multilayer structure thus consists of a symmetric and non-periodic architecture 
with nine alternating layers of  ATZ (alumina with 5% tetragonal zirconia) and AMZ (alumina with 30% monoclinic 
zirconia) material with elastic and mechanical properties given in Fig. 2. 
The total height of the specimen was set for all configurations to 3mm. The volume ratio of ATZ and AMZ 
material components is kept constant, which results in the same residual stresses for all variants and in all layers 
with the same material (for more details see Sestakova et al. (2011)). All ATZ layers have the same thickness, i.e. 
tATZ=500Pm. The only variable is the thickness of the second (AMZ) layer. The thicknesses of the 4th and 6th (AMZ) 
layer are than calculated in order to achieve constant volume ratio VA/VB for all variants – see following Fig. 3.  
 
Fig. 2. Schematic of the laminate of study with the applied boundary conditions (combined loading in 4-point bending flexure and residual 
stresses from manufacturing process). An initial crack is introduced in the first layer. 
 
Fig. 3. Three multilayer variants considered in the study. Volume ratio of components A and B is for all three configurations kept constant – 
VA/VB=5, so the level of residual stresses in layer A and B is always the same. Blue colour denotes the layer with compressive residual stresses 
and red colour denotes the layers with tensile residual stresses. 
Variant 1 Variant 2 Variant 3 
A - ATZ  
B - AMZ 
LS=50 mm 
W
S 
=
 
3 
m
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So=40 mm 
Si=20 mm F/2 F/2 
'T=-1230°C 
Initial crack VA= 6tA 
VB= 6tB 
x z 
y 
Mat. A ( EA,QA,DA, KIC,A)  
EA=390GPa, QA=0.22 
DA=9.8·10-6K-1, KIC,A=3.2MPa.m0.5 
Mat. B ( EB,QB,DB, KIC,B)  
EB=280GPa, QB=0.22 
DB=8.0·10-6K-1, KIC,B=3.0MPa.m0.5 
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2.2. Computational procedure 
The primary goal of the computational analysis is to model a crack transition from the ATZ layer, which is under 
residual tension, into AMZ layer, which is under residual pressure. Due to the elastic mismatch of the layers the 
strong singularity develops at the crack tip impinging on the interface and, as a consequence, crack jumps unstably 
through the interface and penetrates into the AMZ layer. The solution to the displacement field of crack impinging 
perpendicularly on the interface, U0, can be expanded near the crack using generalized Williams’ expansion as 
      0 0 1 2 ...,gO Hr T rG T T   U U u u   (1) 
where the first term is an irrelevant constant, H (MPa m1-G) - the generalized stress intensity factor (GSIF), G is the 
corresponding singularity exponent and Tg (MPa) is the T-stress in case of crack impinging on the interface. GSIF is 
calculated using the Betti’s reciprocal theorem. Due to the thermal stresses, Betti’s reciprocal theorem cannot be 
written in the form of path independent integral and the domain integral must be included -see Ševeček et al. (2013). 
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where superscripts h, aux, and s denote a FEM solution, auxiliary solution, and the singular solution, i.e. 2nd term in 
Eq.(1) with H=1 (MPa m1-G), respectively. *2 is a remote path whereas *1 is a path very close to the crack tip. D is a 
domain enclosed between the contours *1 and *2, and effD is the effective thermal expansion coefficient, for detail 
see Ševeček et al. (2013). In case of pure mechanical loading, the second term disappears since 'T=0. The auxiliary 
displacement field  1aux rG  V u T fulfils the same boundary conditions as the singular field in the second term 
of Eq. (1). The non-singular stress field is constant in each neighbouring and fulfils the following conditions: 
        0 0ATZ AMZ ATZ AMZxx xx yy yy gTV V V V z   , , . (3) 
The estimate of the T-stress for crack tip touching the interface will be given in the next section. Note that GSIF 
and the T-stress are generally the sums of two contributions H=Hm+Hr, Tg=Tgm+Tgr, where the superscripts m and r 
refer to pure mechanical and thermal loading, respectively. Numerical results for the investigated configuration 
reveal that thermal components exceed significantly their mechanical counterparts and the T-stress is negative at 
least at the beginning of the crack jump through the interface, hence no crack deflection is permitted. This 
theoretical conclusion is in accordance with experimental observations which show that the crack straightforwardly 
penetrates inside the compressive layer and arrests in a short distance l (10-20 Pm) behind the interface due to 
compressive residual stresses. If the load increases, the crack can move and deflect, because the T-stress becomes 
positive while the local stress intensity remains constant and equal to the fracture toughness of AMZ layer KIC,AMZ. 
The first goal of the computational analysis is to calculate the crack extension length l. To the end the matched 
expansion technique is applied since it provides us with a semi-analytical formula for the local stress intensity factor 
K(l) and the local T-stress T(l). To do so, the solution Ul to the actual problem is written as the superposition of the 
unperturbed solution from Eq. (1) and a small correction induced by the crack extension  
        0 11, , , ....T T T  U U Ul r r f l r  (4) 
with f1(l) o0 as lo0.  The leading term U0 in Eq. (4) is referred to as “far field”. Following the matched asymptotic 
method, it is convenient to introduce a second scale to the problem represented by the scaled-up dimensionless 
coordinate U=r/l which provide a zoomed-in view into the region surrounding the crack, so-called inner domain :in. 
Observe that in the stretched domain the dimensionless crack increment length equals 1. The solution in this 
stretched domain referred to as “near field” can be expanded as  
           0 1 2 3, , , , , ...l l g Rr l O Hl T l l     U U U GT U T U T U T V U T   (5) 
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Linearly independent basis functions ^ `1 2 3, , ,...  can be found by solving well-posed elasticity problems in 
the vicinity of the crack extension. They can be expanded in terms of the base functions   ,  1/ 2,1,....i i iGcU T G  u
of the Williams expansion as shown in Eq. (6) (U’is measured from the tip O’of the crack extension) – see e.g. ref. 
Leguillon and Murer (2008). Some details were also discussed by private communication with D. Leguillon. 
        , . ...  for 1,2,3j j j I jO jU T N U T W U Tc c c c c    u t   (6)  
 The dimensionless parameters Nj correspond to regular stress intensity factors of the mode I singularity at O’and 
the dimensionless parameters Wj stand for the intensity factors of the classical T-stress mode defined by 
         211 cos ,   sinAMZAMZ AMZAMZ AMZx yAMZ AMZt tE EQQ QT T T Tc c c c      (7) 
such that 0,  1AMZ AMZ AMZxx xy yyV V V   . 
It is worth mentioning that the radius of the dominance domain of the square-root singular field is only few 
microns, as detailed numerical calculations revealed. Outside this domain the singular H-field  still prevails. If the 
expressions in Eq. (6) are substituted in Eq. (5) one obtains the regular SIF KI(l) (MPa m1/2) with the far field mode I 
singularity  . Irc cu T and the classical T-stress T(l) connected with the far field base function  rc ct T as 
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The preceding relations have been constructed using asymptotic analysis and they lose the sense for l o 0. It is 
particularly apparent from the second Eq. (8) where T(l) should approach Tg for lo 0, but instead it diverges to 
infinity. This is a pure mathematical artefact without any physical meaning. 
3. Results 
 Fig. 4a shows the regular SIF KI(l) as a function of the crack extension length l calculated from Eq.(8)1 for all 
multilayer variants shown in Fig. 3. For comparison, the FE solution obtained by detailed analysis of the whole 
laminate is also included in Fig. 4. Just pure thermal loading is considered. It is seen that the results obtained from 
the matched asymptotic analysis i.e. from Eq. (8)1 agree well with the results obtained from the complete FE 
solutions. The arrest length lc is estimated from the condition KI(lc)=KIC,AMZ and for the case of pure thermal loading 
it is approximately 8 Pm for the all variants. Values of GSIFs and T-stresses for Eq. (8) are given in Table 1. 
Table 1. Values of the residual stresses, GSIFs and T-stresses (crack terminating at the interface) - G=0.46391, 'T=-1230°C, F=10N/mm. 
Variant VR(ATZ) ('T) [MPa] 
VR(AMZ) ('T) 
[MPa] 
Hr ('T)  
[MPa.m1-G] 
Hm (10N) 
[MPa.m1-G] 
Tgr ('T) 
[MPa] 
Tgm(10N) 
[MPa] 
1 +139 -695 1.54 0.10 -10 +1.0 
2 +139 -695 1.59 0.11 -29 -0.5 
3 +139 -695 1.61 0.11 -34 -1.0 
   
 Fig. 4b shows the T-stress as a function of  the crack extension length l calculated from Eq.(8)2 for all multilayer 
variants shown in Fig. 3. Again, for comparison, also the FE solution obtained by analysing of the whole specimen 
(under pure thermal loading) is included. Analogous to SIF KI(l), T(l) curves lie close each other for different 
variants. Fig. 4c demonstrates the effect of mechanical loading upon the T-stress. As expected, the T-stress slowly 
decreases upon loading. Observe, that Fig. 4c shows the ratio T(lc)/KIC,AMZ as a function of the loading force which 
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AMZ 
ATZ O 
O´ 
Dc 
Threshold value for crack kinking 
after Leguillon and Murer 2008 
b c 
N1=2.64 
N2=-1.0 
N3=1.8 
W1=-0.12 
W2=0.6 
W3=-1.16 
highly exceeds the value of about 1.9 mm-1/2,which according to Leguillon and Murer (2008) stands for the 
threshold  when crack starts to kink out of its initial plane. It is likely that the critical value of the ratio T(lc)/KIC,AMZ 
for multilayer will differ from the value 1.9 mm-1/2 calculated for a homogeneous material, however definitely not in 
order of hundreds of percents. In other words, after penetration into the AMZ layer, the crack is strongly susceptible 
to deflections. 
 
4. Conclusions 
The presented results show that there are not any substantial differences with respect to crack propagation in the 
multilayer variants #2 and #3. A bit different behaviour can be expected in the multilayer variant #1 (the case of 
very thin compressive layers) where the SIF K and the T-stress take values which differ more from those for variants 
#2 and #3. To obtain more accurate conclusions, a change of the potential energy –G3 (see Ševeček et al. (2013)) 
for the crack increments in all possible propagation direction, would have to be calculated for all considered 
variants. This will be the subject of the subsequent work. 
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